We present results for the one-loop correction to the energy of a class of string solutions in AdS 5 × S 5 in the short string limit. The computation is based on the observation that, as for rigid spinning string elliptic solutions, the fluctuation operators can be put into the single-gap Lamé form. Our computation reveals a remarkable universality of the form of the energy of short semiclassical strings. This may help to understand better the structure of the strong coupling expansion of the anomalous dimensions of dual gauge theory operators.
Introduction
The energy of states of type IIB superstring propagating in AdS 5 × S 5 are dual to planar N =4 SYM anomalous dimensions, and are interesting observable quantities depending on the string tension and various conserved charges. In principle, they are captured by the Thermodynamic Bethe Ansatz [1] which is well under control due to the integrability of the theory. Nevertheless, it is important to identify specific limits where explicit analytical results can be given.
One such limit is the semiclassical expansion which is worked out in the limit when the conserved charges scale as the string tension (or 't Hooft coupling)
1. It is expected that in this limit the TBA prediction matches exactly the 1-loop string correction to the energies [2] . One expects fluctuation frequencies from algebraic curve approach to match the ones found directly from string quadratic Lagrangian (both are perturbations of solutions of same equations), and then one can argue [3] that the string result interpreted as sum of fluctuation frequencies extracted from algebraic curve exactly matches the strong coupling expansion of TBA equations in same semiclassical limit. The details of the matching between the algebraic curve description of the semiclassical solutions and their string σ-model presentation remain still to be fully clarified.
Besides, one can extract from the semiclassical calculation a special short string limit where the string configuration probes a small sized region of AdS 5 × S 5 . This is particularly interesting in order to recover the P SU (2, 2|4) multiplet structure at the string level, including quantum corrections.
Technically, apart from rational rigid string solutions with fluctuation Lagrangian containing constant coefficients [4] , the quantum field theory computation of one-loop string energies is complicated by mixed-mode fluctuation operators which are second order matrix two-dimensional differential operators with explicitly coordinate-dependent coefficients. In the case of a string which is folded in AdS 5 and rotates around its center, the one-loop energy correction is related to the functional determinant of these operators. They can be computed exactly since a reduction to Lamé integrable one-dimensional spectral problems is possible [5] . A major simplification of the folded string case is that, on physical grounds, one expect to find a reference frame where the fluctuation problem is static. A more difficult case is that of so-called pulsating string configurations. In such a case one has, for instance, a string stretched along a parallel of S 5 which sweeps the sphere changing its latitude bouncing back and forth aroung one of the poles. The fluctuation problem becomes intrinsically time-dependent and a different formalism is required for the computation of the one-loop energy.
In this paper, we shall present the main steps of such a computation following the general semiclassical method of quantization of time-periodic solitons [6, 7] .
2 Pulsating string in R × S We want to treat the classical string solution representing a pulsating string in R × S 2 . The motion of the string is depicted in Figure (1) [8, 9, 10] . We work in conformal gauge and start from the Ansatz for the bosonic string degrees of freedom in R × S 2 (m = 1, 2, ...)
The equation of motion and the conformal gauge constraint (which implies the former forψ = 0) arë
The solution with ψ(0) = 0 can be written in terms of the Jacobi elliptic function (to have a timeperiodic solution we need to assume κ < m, compatible with the later short string limit ) [11] sin
3)
The energy and the oscillation number N = √ λ 2π dψψ (which is the adiabatic invariant associated to ψ) are
where √ λ 2π is string tension, and K and E are the usual elliptic functions [11, 5] . The expansion of N for small κ gives
Thus the short string (N → 0) expansion of the classical energy reads
Quadratic fluctuations around the pulsating background
In the semiclassical approach, one computes the one loop correction to the energy starting from the quadratic fluctuations around the classical solution. The bosonic fluctuations in conformal gauge describe two mixed modes. They can be decoupled by exploiting the Virasoro constraints. An alternative equivalent approach is based on the static gauge (see for instance [5] ). The conformal gauge fluctuations in AdS 5 describe a free massless ghost field and four free massive fields with mass κ.
with the following background-dependent masses
The coupled system (ξ, η) can be shown to be equivalent to a decoupled system of one massless mode and of the massive mode with the Lagrangian
Yet another equivalent fluctuation action follows also from the Pohlmeyer reduction approach [19] . The general fermionic fluctuation Lagrangian can be found, e.g., in [12, 5] . Fixing κ symmetry as usual with θ 1 = θ 2 , and after some standard manipulation, we can write the (squared) fermionic fluctuation operators for both chiralities as
Ultraviolet finiteness is easily checked by computing the supertrace of the squared mass matrix. The signed sum of squared masses turns out to be proportional to √ −g R (2) , i.e., the Euler density of the induced metric as expected on general grounds [13] . After integration over the 2-space, one finds a vanishing result for the cylinder topology which is appropriate for the string configuration under study.
Fluctuation operators in Lamé form
We now show that all the obtained one-dimensional spectral problems can be put in standard 1-gap Lamé form (see for instance the detailed discussion in [5] ). This is important and means that all their relevant properties can be worked out exactly. Since the fluctuation potentials are independent of the spatial coordinate σ for the pulsating string solutions, we Fourier decompose all fields according to
Depending on the form of the mass term (i.e. potential) M 2 (τ ), we find three types of Lamé operators, which we discuss below.
Type I operator
The operator associated to the three S 5 modes z i in (2.8) which have mass M 2 = κ 2 − 2m 2 sin 2 ψ is
For the pulsating string, Eq. (2.3), it can be written as
13)
which is of the single-gap Lamé form.
Type II operator
Next, consider the S 5 mode in (2.10) with massM 2 = κ 2 1 − 2 sin 2 ψ , i.e. with the associated operator
where we have used the definitions (2.13). Taking into account the identity, ns(z
which is again of the single-gap Lamé form.
Type III operator
The fermion fluctuation operator in (2.11) with the mass M 2 ± =ψ 2 ± iψ leads to
After some manipulation of the elliptic functions, we can show that it can be written
Thus we again find a fluctuation operator of the single-gap Lamé form.
Semiclassical quantization of time-periodic solutions of integrable systems
Let us consider a classical Hamiltonian system on a space X (dim X = 2n) with a Hamiltonian H : T * X → R. Its quantum version will be a self-adjoint operator H on such that in the classical limit → 0 it reduces to H. Classical integrability requires the existence of n functions F 1 , . . . , F n ∈ C(T * X) such that: (i) dF 1 ∧ · · · ∧ dF n = 0, almost everywhere, (ii) {F i , F j } = 0, and (iii) H = H(F 1 , . . . , F n ). This implies that the level sets define n-tori (Liouville tori) foliating T * X and invariant under the Hamiltonian flow. This allows one to define the action variables I i parametrizing the foil base and the angle variables ϕ i , the coordinates of the torus. The weaker condition of semiclassical integrability requires the existence of quantum extensions
Note that H is well defined without ordering problems because of the condition (ii').
The joint semiclassical diagonalization problem
can be solved by a WKB-like approximation which require the following Bohr-Sommerfeld-Maslov (BSM) quantization condition [14] 1
where the integers N i thus define the action variables, {γ i } is a basis of cycles of a Liouville torus, and the Maslov indices µ i take into account the critical points of the cycles. If the classical invariant torus has only p < n non trivial cycles, then the BSM quantization condition must be modified in order to take into account the fluctuations transverse to the codimension p invariant torus. It becomes
The stability angles ν
can be found by studying the stability of small fluctuations around the invariant torus (the condition n α N k is necessary in order to be able to use the linearised analysis).
In the case of semiclassical quantization of finite g-gap solutions of string theory, one starts with a classical energy as a function of the action variables and then simply shifts them according to the BSM quantization conditions [7] 
In particular, for the ground state (n α = 0) of a 1-gap superstring time-dependent solution of period T , we can write (here =
Here T is the period of the solution which is the inverse of dE dN . In general, in an integrable system, the stability angles may be computed starting from the problem of evolution of a small perturbation which is controlled by the non-linear superposition principle associated with Bäcklund transformations. The same construction can be interpreted as the addition of an infinitesimal cut to a finite cut solution of the corresponding integral equations implied by the Bethe equations. Also, a third point of view is that of considering a genus g + 1 algebraic curve infinitesimally near its genus g degeneration point. In the case of the pulsating string, this sophisticated discussion will simply boil down to the nice spectral properties of the Lamé equation.
One-loop correction to energy
In general, given the 1-d spectral problem with a periodic potential
where ν is the "stability angle" and p is the "quasi-momentum" (in general, p is a function of Λ, T and a functional of V ). For the pulsating string in R × S 2 the period is T = 4K m . The short string limit is the small κ limit, in which the semiclassical oscillation parameter N is small. Below we shall consider the positive of the two possible stability angles differing by sign (see [15] ). Since in the present case the AdS time t and 2d time τ are related as in (2.1), i.e. t = κτ , there will be similar proportionality of the periods, and the space-time energy and the 2d energy will be related by
Stability angles
The 4 massless AdS 5 fluctuations have simply the stability angle
As we have shown, the S 5 bosonic fluctuations (both Type I (2.12) and Type II (2.14)) are associated with the standard Lamé equation, and therefore the stability angle is
We shall fix the sign in (4.5) by the condition ν > 0. Finally, in the case of the fermionic fluctuation operator the expression for the stability angle is
where
Let us now combine the above stability angles expanded in powers of κ = km with proper multiplicities and signs as they should appear in the 1-loop correction to the energy in (3.5)
As a check, we observe that the sum over n of this combination is convergent at large n. Setting m = 1 and summing up all the contributions we get from (3.5) the following expression for the 1-loop correction to the string energy (taking into account the relation (4.3) valid in the static gauge t = κτ )
In general, we can organize the short string expansion of the energy as
11)
where c nk are coefficients of "non-analytic" terms [16] . Using (2.6),(2.7) and (4.10) we find that for the pulsating string in R × S 2 Therefore, the energy can be re-written in terms of N and the string tension as follows 
Generalizations and concluding remarks
In this paper we extended the investigation [5] of the exact structure of one-loop correction to energy of an important class of classical string solutions in AdS 5 × S 5 expressed in terms of elliptic functions.
The elliptic solution considered in [5] was the folded spinning string in AdS 5 for which it was shown that the quadratic fluctuation operators can be put into the standard single-gap Láme form. This is an important feature allowing to compute the one-loop correction to the string energy exactly for any value of semiclassical spin parameter S. Here we have extended the calculation to the pulsating string in R × S 2 . Additional details as well as the extensions to the pulsating string in AdS 3 and the folded spinning string in R × S 2 can be found in [17] . In all cases where there is only one charge/adiabatic invariant besides the energy, namely, an oscillator number or spin (in S 5 or AdS 5 ), the fluctuation operators can be decoupled and put into a single-gap Lamé type form.
We focused on the expansion of the one-loop energies in the limit of small values of the semiclassical parameters corresponding to small size of the string. In this limit the string probes only small region of AdS 5 × S 5 so its energy should start with the standard flat-space form plus corrections due to curvature. This limit may provide further insight into the structure of strong-coupling corrections to dimensions of "short" dual gauge theory operators for which the "wrapping" contributions are important [18, 16] .
The semiclassical approximation is based on assumption that √ λ 1 with semiclassical parameters characterizing the various solutions (see [17] , for the precise definitions) like S =
fixed, so that S, J or N are formally large. An intriguing conjecture is that, taking the "short-string" limit in which S, J , N → 0, one may assume that the limit "commutes" with the large √ λ limit. If so, the semiclassical analysis may shed light on the form of the quantum string energies with fixed values of the spins and oscillation numbers (S, J, N ). While this is only a conjecture, the study of the "short-string" limit provides some qualitative information on the structure of the large tension expansion of quantum string energies or strong-coupling expansion of dimensions of dual gauge-theory operators.
We summarize below the results for the "short-string" (small spin or oscillation number) expansion of the classical E 0 and one-loop E 1 energies of the four basic elliptic AdS 5 × S 5 solutions analysed in [5] and here: folded spinning strings in R × S 2 and AdS 3 , and pulsating circular strings in R × S 2 and AdS 3 . We recall our notation:
Also, the non-zero spin of the folded string in S 2 is J 2 ≡ J. We observe a remarkable universality of the small charge expansion of the energy of all four elliptic solutions: the leading terms with transcendental coefficients (log 2, ζ 3 , ζ 5 , ...) happen to have the same form. Strings with lowest non-trivial values of the charges should correspond to string states at the first excited level. Since these should be dual to members of the Konishi multiplet, they should have the same anomalous dimension [16] . The relationship between this intriguing universality, the P SU (2, 2|4) structure of the Konishi multiplet, and the validity of the above mentioned conjecture remains to be clarified.
Folded spinning string in
R × S 2 E 0 = √ 2 J 1 + 1 8 J + 3 128 J 2 + . . . , E 1 = 2 + √ 2 J 2 − 4 log 2 + − 1 2 − 3 2
